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Abstract. In [1], the multiple Frobenius-Euler numbers and polynomials were con-
structed. In this paper we give some interesting formulae which are related to the multiple
Frobenius-Euler polynomials. The main purpose of this paper is to give the Kummer type
congruences for the multiple Frobenius-Euler numbers.
§1. Introduction
Throughout this paper Zp, Qp and Cp will respectively denote the ring of p-adic
rational integers, the field of p-adic rational numbers and the completion of algebraic
closure of Qp. Let νp be the normalized exponential valuation of Cp with |p|p =
p−νp(p) = p−1. For a fixed positive integer f , we set
X = lim←−
N
(Z/fpNZ),
X× =
⋃
0<a<fp
(a,p)=1
a+ fpZp,
a+ fpNZp = {x ∈ X | x ≡ a (mod fp
N )},
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where a ∈ Z lies in 0 ≤ a < fpN , cf. [1, 2, 7, 8, 9, 10, 11, 12].
The classical Euler numbers were defined by
2
et + 1
=
∞∑
m=0
Em
m!
tm, (|t| < 2pi).
Let u be an algebraic in complex number field. Then Frobenius-Euler polynomials
were defined by
1− u
et − u
ext = eH(u,x)t =
∞∑
m=0
Hm(u, x)
tm
m!
, cf. [3],
where we use the technical method’s notation by replacing Hm(u, x) by Hm(u, x) sym-
bolically, cf. [3, 4, 5, 6]. In the case x = 0, Frobenius-Euler polynomials will be called as
Frobenius-Euler numbers. We write Hm(u) = Hm(u, 0), cf.[3, 4, 5, 6, 7 ]. In this paper
we give some interesting formulae which are related to the multiple Frobenius-Euler
polynomials. The main purpose of this paper is to give the Kummer type congruences
for the multiple Frobenius-Euler numbers.
2. Multiple p-adic interpolation functions for the Euler numbers
Let u 6= 0 be algebraic numbers. We fix an embedding Q¯ → C, Q¯ → Cp, so that
we take u as an element of C, and Cp. The Frobenius-Euler polynomials of order w,
denoted H
(w)
n (u, x), were defined as
(1)
(
1− u
et − u
)r
ext =
∞∑
n=0
H(r)n (u, x)
tn
n!
, cf. [3, 4] .
The values at x = 0 are called Frobenius-Euler numbers of order w; when w = 1, the
polynomials or numbers are called ordinary. When x = 0 or w = 1, we often suppress
that part of the notation; e.g., H
(r)
m (u) denotes H
(r)
m (u, 0), Hn(u) denotes H
(1)
n (u), cf.
[2]. By (1), we easily see that
H(w)n (u, w − x) = (−1)
nH(w)n (u
−1, x),
H(w)n (u, x) =
n∑
i=0
(
n
i
)
H
(w)
i (u)x
n−i, cf. [4].
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where
(
n
i
)
is binomial coefficient . Let χ be the Dirichlet character of the conductor
d ∈ N = {1, 2, · · · }. Then we define the generalized r-ple Euler numbers with χ as
(2)
d−1∑
n1,··· ,nr=0
(1− ud)rχ(
∑r
i=1 xi) (
∏r
i=1 e
nit) urd−
∑ r
i=1 ni
(edt − ud)r
=
∞∑
n=0
H(r)n,χ(u)
tn
n!
, for r ∈ N.
If χ is trivial then we note that H
(r)
n,χ(u) = H
(r)
n (u). Hence, the Eq.(2) can be considered
as the generating function of generalized Frobenius-Euler numbers of order r in the
same meaning of the generating functions of Bernoulli numbers with order r, cf. [2].
By (1), and (2), we easily see that
(3) H(r)n,χ(u) = d
n
d−1∑
n1,··· ,nr=0
χ(
r∑
i=1
ni)u
rd−
∑ r
i=1 niH(r)n (u
d,
n1 + · · ·+ nr
d
).
In this section we assume that u ∈ Cp with |1 − u|p ≥ 1. For x ∈ Zp, we say that
g is uniformly differentiable function at point a ∈ Zp, and write g ∈ UD(Zp), if the
difference quotients, Fg(x, y) =
g(y)−g(x)
y−x
, have a limit l = g′(a) as (x, y)→ (a, a). For
g ∈ UD(Zp), let us begin with expression
1
1− upN
∑
0≤j<pN
up
N−jg(j) =
∑
0≤j<pN
g(j)Eu(j + p
NZp),
which represents the analytic of Riemann sums for g in the p-adic number fields. The
p-adic Euler integral for g on Zp is defined as the limit of these sums (as n → ∞) if
this limit exists. An invariant p-adic Euler integral for function g ∈ UD(Zp) is defined
by
(4)
∫
Zp
g(x)dEu(x) = lim
N→∞
1
1− upN
∑
0≤j<pN
g(j)up
N−j , cf. [1] .
As is well known, the generating functions of Frobenius-Euler polynomials are repre-
sented as∫
Zp
e(x+y)tdEu(y) =
u
et − u
ext, for t ∈ Zp with |t| < p
− 1
p−1 , cf. [1, 2] .
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Definition 1. For x( 6= 0), s ∈ Zp, we define Euler multiple zeta function as
(5) ζr(u|s, x) =
∞∑
n1,··· ,nr=0
u−(n1+···+nr)
(n1 + · · ·+ nr + x)s
, cf. [1] .
In [1], it is easy to see that ζr(u| − n, x) =
ur
(u−1)rH
(r)
n (u, x), n ≥ 0 .
Lemma 2. For x = r ∈ N, we note that
ζr(u|s, r) =
∞∑
n1,··· ,nr=0
u−(n1+···+nr)
(n1 + · · ·+ nr + r)s
= u−rζr(u|s),
where ζr(u|s) =
∑∞
n1,··· ,nr=1
u−(n1+···+nr)
(n1+···+nr)s
, cf. [1, 2].
By (1), we have
(6)
(
u
u− 1
)r
H(r)n (u, x) = p
n
p−1∑
n1,··· ,nr=0
urp−
∑ r
i=1 ni
(up − 1)r
H(r)n (u
p,
∑r
i=1 ni + x
p
).
Applying multivariate invariant p-adic Euler integral on X, |t|p < p
− 1
p−1 , we have
(7)
∫
Xr
χ(
r∑
i=1
xi)e
t
∑ r
i=1 xidEu(x) =
d−1∑
x1,··· ,xr=0
χ(
∑r
i=1 xi)e
t
∑
r
i=1 xiurd−
∑
r
i=1 xi
(edt − ud)r
,
where ∫
Xr
f(y)dEu(y) =
∫
Zp
∫
Zp
· · ·
∫
Zp︸ ︷︷ ︸
r times
f(y)dEu(y1) · · ·dEu(yr).
Hence, by (7), we see that
Proposition 3. For r ∈ N, we obtain the following Witt’s type formula:
(8)
H
(r)
n,χ(u)
(1− ud)r
= lim
N→∞
dpN−1∑
x1,··· ,xr=0
χ(
∑r
i=1 xi)(
∑r
i=1 xi)
nurd−
∑ r
i=1 xi
(1− udpN )r
.
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Let a1, · · · , ar be nonzero p-adic integers. Applying multivariate invariant p-adic
integrals on X, we have
(9)∫
X
· · ·
∫
X
e(
∑ r
j=1 ajxj+w)tdEu(x1) · · ·dEu(xr) =
urewt
(ea1t − u) · · · (eart − u)
, |t|p < p
− 1
p−1 .
The multiple Frobenius-Euler polynomials in w were defined by
(10)
(1− u)rewt
(ea1t − u) · · · (eart − u)
=
∞∑
n=0
H(r)n (w, u|a1, · · · , ar)
tn
n!
, cf. [3].
Let p be an odd prime number and k¯ = (k1, · · · , kr) with each ki a positive integer
relative prime to p. The Euler-Barnes multiple zeta function was defined as
ζr(s, u|α, k¯) =
∞∑
µ1,··· ,µr=0
u−(µ1+···+µr)
(α+ k1µ1 + · · ·+ krµr)s
, ( see [3] ).
For n ∈ N, it was known that
(11) ζr(−n, u|α, k¯) =
ur
(u− 1)r
H(r)n (α, u|k1, · · · , kr).
Let
I0 = {
x
p
|x = α+
r∑
j=1
kjij ≡ 0( mod p) for some i1, · · · , ir with 0 ≤ i1, · · · , ir ≤ p− 1}.
By the definition of Euler-Barnes multiple zeta function, we easily see that
(12)
ζr(s, u|α, k¯) =
∑
µ1,··· ,µr=0
α+k1µ1+···+krµr≡0( mod p)
u−(µ1+···+µr)
(α+ k1µ1 + · · ·+ krµr)s
+
∑
µ1,··· ,µr=0
(α+k1µ1+···+krµr,p)=1
u−(µ1+···+µr)
(α+ k1µ1 + · · ·+ krµr)s
.
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Now, we set µj = ij + pvj in thr first sum and µj = lj + p
N+1vj in the second sum.
Then
(13)
ζr(s, u|α, k¯) =
∑
0≤i1,··· ,ir<p
β∈I0
∞∑
v1,··· ,vr=0
u−(pv1+···+pvr+i1+···+ir)
(pβ + p(k1v1 + · · ·+ krvr))s
+
∑
0≤l1,··· ,lr<p
N+1
(α+k1l1+···+kllr,p)=1
∞∑
v1,··· ,vr=0
u−p
N+1(v1+···+vr)−(l1+···+lr)
(α+ k1l1 + · · ·+ kllr + pN+1(k1v1 + · · ·+ krvr))s
=
1
ps
∑
0≤i1,··· ,ir<p
β∈I0
u−(i1+···+ir)ζr(s, u
p|β, k¯)
+
∑
0≤l1,··· ,lr<p
N+1
(α+k1l1+···+kllr,p)=1
u−(l1+···+lr)ζr(s, u
pN+1 |α+ k1l1 + · · ·+ kllr, p
N+1k¯).
By the definition of the multiple Frobenius-Euler polynomials, we get
(14) H(r)n (α, u|k1, · · · , kr) =
n∑
l=0
(
n
l
)
(H(u)k1 + · · ·+H(u)kr)
lαn−l.
Let Al = (H(u)k1 + · · ·+H(u)kr)
l. Then we easily see that
(15)
Al =
l∑
l1=0
(
l
l1
)
Hl1(u)k
l1
r · · ·
l−l1−···−lr−2∑
lr−1=0
(
l − l1 − · · · − lr−2
lr−1
)
·Hlr−1(u)k
lr−1
2 Hl−l1−···−lr−1(u)k
l−l1−···−lr−1
1 .
Let m be a positive integer, and let α and N be nonnegative integers. By (11) and
(13), we note that
(16)
ur
(1− u)r
H(r)n (α, u|k¯)− p
n u
pr
(1− up)r
∑
0≤i1,··· ,ir<p
β∈I0
H(r)n (β, u
p|k¯)u−(i1+···+ir)
=
∑
0≤l1,··· ,lr<p
N+1
(α+k1l1+···+krlr ,p)=1
u−
∑ r
j=1 lj
urp
N+1
(1− upN+1)r
H(r)n (α+
r∑
j=1
kj lj, u
pN+1 |pN+1k¯).
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Now we shall look at the right hand side of identity of (16). By (14), we note that
(17) H(r)n (x, u
pN+1 |pN+1k¯) =
n∑
l=0
(
n
l
)
xn−l(pN+1)l(H(u)k1 + · · ·+H(u)kr)
l.
Let’s set
(18) ∑
0≤l1,··· ,lr<p
N+1
(α+k1l1+···+krlr ,p)=1
u−
∑r
j=1 lj
urp
N+1
(1− upN+1)r
H(r)n (α+
r∑
j=1
kj lj, u
pN+1 |pN+1k¯) =
n∑
l=0
Tl(n).
By (16), (17) and (18), we see that
(19) Tl(n) =
(
n
l
)
(pN+1)lAl
(up
N+1
)r
(1− upN+1)r
∑
0≤j1,··· ,jr<p
N+1
(α+k1j1+···+krjr,p)=1
(α+k1j1+· · ·+krjr)
n−l.
By (16) and (19), we easily see that
ur
(1− u)r
H(r)n (α, u|k¯)−p
n u
pr
(1− up)r
∑
0≤i1,··· ,ir≤p−1
β∈I0
H(r)n (β, u
p|k¯)u−(i1+···+ir) =
n∑
l=0
Tl(n).
Thus we note that
Tl(n) ≡ 0 ( mod p
N+1Zp), for each n.
Since |1− up
N+1
|p ≥ 1. If m ≡ n( mod p
N+1(p− 1)), then we have
Tl(n) ≡ Tl(m)( mod p
N+1Zp).
Therefore we obtain the following Kummer type congruence:
Theorem 4. Assume that p ≥ 2r+1. Let α and N be nonnegative integers and m be
positive integers with (m, p− 1) = 1. Then we have
ur
(1− u)r
H(r)n (α, u|k¯)− p
n u
rp
(1− up)r
∑
o≤i1,··· ,ir≤p−1
β∈I0
H(r)n (β, u
p|k¯)u−(i1+···+ir) ∈ Zp,
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and if m ≡ n( mod pN+1(p− 1)) the congruence
ur
(1− u)r
H(r)n (α, u|k¯)− p
n u
rp
(1− up)r
∑
o≤i1,··· ,ir≤p−1
β∈I0
H(r)n (β, u
p|k¯)u−(i1+···+ir)
≡
ur
(1− u)r
H(r)m (α, u|k¯)− p
m u
rp
(1− up)r
∑
o≤i1,··· ,ir≤p−1
β∈I0
H(r)m (β, u
p|k¯)u−(i1+···+ir),
( mod pN+1).
Remark. Let
J = {(a1, · · · , ar)|0 ≤ a1, · · · , ar ≤ p− 1 and a1 + · · ·+ ar ≡ 0( mod p)}.
By using multivariate p-adic Euler integral, we easily see that
(20)
∫
Zrp
x1+···+xr∈pZp
et(x1+···+xr)dEu(x) =
∑
0≤a1,··· ,ar≤p−1
β∈J
u−tβeβt(
1− up
ept − up
)r,
for |t| < p−
1
p−1 . Thus we note that∫
Zrp
x1+···+xr∈pZp
(x1 + · · ·+ xr)
ndEu(x) = p
n
∑
β∈J
u−βH(r)n (β, u
p|1, · · · , 1).
For s ∈ Zp, we now define p-adic interpolating function as follows:
ζp,r(u, s) =
∫
Z
r
p
x1+···+xr /∈pZp
(x1 + · · ·+ xr)
−sdEu(x).
For k ≥ 0, we have
(21) ζp,r(u,−k) =
∫
Zrp
(x1 + · · ·+ xr)
ndEu(x)−
∫
Zrp
x1+···+xr∈pZp
(x1+ · · ·+ xr)
ndEu(x).
By (20) and (21), we obtain
ζp,r(u,−k) = H
(r)
n (u|1, · · · , 1)− p
n
∑
β∈J
u−βH(r)n (β, u
p|1, · · · , 1).
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